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We study the effect of ultra-high energy particles collisions near the black hole 
horizon (BSW effect) for two scenarios: when one of particle either (i) moves on a 
circular orbit or (ii) plunges from it towards the horizon. It is shown that such cir- 
cular near-horizon orbits can exist for near-extremal black holes only. This includes 
the innermost stable orbit (ISCO), marginally bound orbit (MBO) and photon one 
(PhO). We consider generic "dirty" rotating black holes not specifying the metric 
and show that the energy in the centre of mass frame has the universal scaling de- 
pendence on the surface gravity k. Namely E c _ m , ~ K~ n where for the ISCO n = | 
in case (i) or n = ^ in case (ii). For the MBO and PhCO n = ^ in both scenarios 
that agrees with recent calculations of Harada and Kimura for the Kerr metric. We 
also generalize the Grib and Pavlov's observations made for the Kerr metric. The 
magnitude of the BSW effect on the location of collision has a somewhat paradoxical 
character: it is decreasing when approaching the horizon. 

PACS numbers: 04.70.Bw, 97.60.Lf 
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I. INTRODUCTION 

Recent discovery of the unbound growth of energies in collisions of particles near the 
horizon of the Kerr black hole llfl provoked a series of works in which this phenomenon was 

n n 

investigated in detail (see, e.g. the recent works [2] - |4j and references therein). According to 
the tradition formed, I call this effect found by M. Banados, J. Silk and S.M. West the BSW 
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effect according to the names of its authors. Irrespective of details, there are some general 
conditions for the BSW effect to occur. Particles should collide in the vicinity of the horizon 
in such a way that the special relation between the energy and angular momentum of one of 
colliding particles should be satisfied. Both conditions (proximity to the horizon and fine- 
tuning of the particle's parameters) are naturally satisfied for the innermost stable circular 
orbit (ISCO) in the near-extremal case. This kind of orbit was known to be important in 
astrophysics of accretion disks around black holes 

a, a, a 

. Therefore, the high-energetic 
collisions near such orbits are interesting not only from the theoretical viewpoint but can 
also have astrophysical applications. The details of such collisions are investigated in 

a, a 

for the Kerr metric. 

Meanwhile, astrophysical black holes are surrounded by matter and are in this sense 
"dirty". For them, the BSW effect also should occur since it is the property inherent 
to generic rotating black holes [8J. Although the full analysis requires the knowledge of 
the details of the space-time, some essential features of this effect turn out to be model- 
independent that can be thought of as the manifestation of universality of black hole physics 
near the horizon. In the present paper we mainly consider two such issues: (i) the dependence 
of the effect on the distance from the horizon and (ii) the properties of ISCO and some other 
circular orbits - such as marginally bound orbit (MBO) and the photon one (PhO) near the 
horizon for the near-extremal black holes. Originally, the BSW effect was discussed for 
maximally rotating black holes [l] that entailed some doubts with respect to attempts to 
relate it to realistic astrophysical context {9], 10 1. Meanwhile, later on, it was shown that 
the scenario of multiple scattering leads to t he p ossibility of the BSW effect in the Kerr 
background even for nonextremal black holes [11] that was extended to generic dirty black 
holes [8]. 

In the present paper the accent is made on the properties of nonextremal black holes but 
for the case when they become near-etremal, so the surface gravity k — > 0. It turns out in 
this situation the dependence of the relevant quantities on k is universal and holds for all 
models. In this way, we find the asymptotic expressions for the characteristics of different 
types of circular orbits. Using these results, we find the general dependence of the energy 
E c .m. of colliding particles in the centre of mass frame on n. 

Exact values for the characteristics of the circular orbits found in j^J for the Kerr metric 
are rather cumbersome and even the check of corresponding formulas is not so simple. 
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However, it turns out that if one is interested in the orbits' characteristics near the horizon 
of a near-extremal black hole, the behavior of these quantities is rather simple and can be 
found in a general explicit form. 

Quite recently, the BSW effect on the ISCO was also studied for static black holes in a 
magnetic field with the discussion of potential astrophysical relevance J]. Although this is 
a quite different issue to which our approach does not apply directly, this shows potential 
relevance of the BSW effect in astrophysics and serves as an additional motivation to study 
properties of this effect on the near-horizon circular orbits. 

In what follows one should distinguish between two variants of the BSW effect. The first 
variant implies that a particle orbiting the ISCO (MBO or PhO) collides with some other 
particle (we call it O - variant from "orbiting"). The second variant implies that one of 
colliding particles plunges towards the horizon from a circular orbit having the same values 
of energy and angular momentum which it had there (we call it H - variant from "horizon"). 
In both variants, collisions occur in the immediate vicinity of the horizon but the scenarios of 
collisions are somewhat different. It is worth noting that the possibility of unbound growth 
of the energy in the centre of mass frame due to collision between a particle on the circular 
orbit with a radially moving one was already briefly mentioned in literature (see eq. 2.55 in 



I*- 



II. GENERAL PROPERTIES OF BSW EFFECT FOR NONEXTREMAL 

BLACK HOLES 

A. Basic formulas 

Consider a generic axially symmetric rotating black hole space-time. Its metric can be 
written as 

ds 2 = -N 2 dt 2 + g H (d(f) - udt) 2 + dl 2 + g zz dz 2 . (1) 

Here, the metric coefficients do not depend on t and <p. On the horizon N = 0. Alternatively, 
one can use coordinates 6 and r, similar to the Boyer-Lindquist ones for the Kerr metric, 
instead of I and z. In (TTJ we assume that the metric coefficients are even functions of z, so 
the equatorial plane 9 = | (z = 0) is a symmetry one. Throughout the paper we assume 
that the fundamental constants G = c =h = 1. 



In the space-time under discussion there are two conserved quantities u = —E and 
u<f> = L where = ^ is the four-velocity of a test massive particle, r is the proper time 
(or the affine parameter if the particle is lightlike) and = (t, <fi, I, z) are coordinates. 
The aforementioned conserved quantities have the physical meaning of the energy per unit 
mass (or frequency for a lightlike particle) and the azimuthal component of the angular 
momentum, respectively. It follows from the symmetry reasonings that there exist geodesies 
in such a background which lie entirely in the plane 9 — |. For them, the equations of 
motion read (dot denotes the derivative with respect to the proper time r): 

n E — uL 

t = u° = ^^. (2) 

We assume that t > 0, so that E — uL > outside the horizon. On the horizon itself, 
E — loL = is allowed. 

1 L , u{E-uL) 

+ N 2 ' W 



NH 2 EE -V ef f — {E — uLf - bN 2 , b = ( 7 + — ). ( I) 



Here, 7 = for lightlike geodesies and 7 = 1 for timelike ones. For defmiteness, we 
consider a pair of particles having the equal masses mi = 772,2 = m- We also assume that 
either both particles are approaching the horizon or one of them stands at a fixed / while the 
other particle moves towards the horizon, so / ^ 0. The particles are labeled by subscript 
% = 1,2. 

The quantity which is relevant for us is the energy in the centre of mass frame E c m = 



V^myl — u^u^ 1]. After simple manipulations, one obtains from (13) - (SJ) that 

% = /7 + l-^ (5) 

2777^ 

where 

h= 2 N2 \ (6) 
X t ee E t - ujLi, (7) 

Zi = yj {X t f - N% i} (8) 
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By definition, we call a particle critical if (Xi), = 0, so 

Ei = u + h (10) 
and usual otherwise. Here, subscript "+" refers to the values on the horizon. 

B. Dependence of the BSW effect on proximity to the horizon 



It was observed in 14j that, rather surprisingly, the magnitude of the BSW effect in the 
Kerr background decreases as a point of collision is chosen closer and closer to the horizon. 
Now, we will show that this property has an universal character. We take particle 1 to be 
near-critical, so E\ = u+Li(l + 5), 5 <C 1. Particle 2 is assumed to be usual. Near the 
horizon, N ->■ 0, Z 2 ~ X 2 ^ 0, so 

|-«TO + y,r = ^, (ii) 

Xi = L(u + - u) + u + L + 5 (12) 

where L . = — . 

We assume that near the point of collision, iV 2 ~ 5 2 since it is just the case when both 
terms inside the square root in (jSJ) have the same order (see below). Also, from now on, we 
assume that the black hole is nonextremal and, similarly to the Kerr nonextremal metric, 
u — u + ~ r — r + ~ iV 2 where r is the analog of the Boyer-Lindquist coordinate. Then, the 
first term in the right hand side of (fT2l has the order S 2 and is negligible, so 

X l w uj + L + 5. (13) 

It is convenient to make an ansatz introducing the new function x according to 

N = u + L + ^= X . (14) 



Then 



Z x w u + L + 5y/l - x 2 , (15) 
^« 777-7/. ( 16 ) 



where 
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^l^EZ. (17) 

Thus we have an universal coordinate dependence in terms of the function /. It is 
convenient to make the substitution 

X = smr], < r] < -. (18) 



Then, 



In the near-horizon region, 



2 



'=d?i (19) 



b = b+ + 0(r - r+) = b + + 0(N 2 ) = b + + 0(5 2 ). (20) 

Thus neglecting the terms of the order <5 2 , we have 

El 



Cm. 



We obtained a function that (for a fixed small value of 8) is monotonically decreasing away 
from the horizon where r\ — 0, / = |, to the turning point of particle 1 where Z± = and 
?7 = |, / = 1. In this sense, the dependence of the effect on the distance has somewhat 
paradoxical character: the closer the point of collision is to the horizon, the weaker its 
magnitude measured by /. This generalizes the corresponding observation made for the 



Kerr metric in 



III. CIRCULAR ORBITS 

We restrict ourselves to orbits in the equatorial plane. It is the properties of circular 
orbits which we now turn to. It is convenient to introduce, instead of the proper distance I, 
the radial coordinate p according to 61 = ■£ . By definition, the circular orbit at p = p is 
determined by the equalities 

Veff(Po) = 0, (22) 



dV e ff 



(Po) = (23) 



dp 

where according to (@| and (jHJ), 

Veff = -Z 2 . (24) 
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These equations state that the p is a perpetual turning point. It follows from (jl)), dEJ), ( 122|) 
that for a particle on such an orbit, 

Z = 0, X = VbN. (25) 
If this orbit lies near the horizon (see below for details), it follows from ([3]) that 




assuming uo + > 0. Thus near the horizon a particle rotates on the prograde orbit. 



A. Nonexistence of near-horizon circular orbits for generic nonextremal rotating 

black holes 

First of all, we show that for a nonextremal black hole with a fixed surface gravity 
;here are no circular orbits in the near-horizon limit, thus generalizing the observation of 
1^ | made there for the Kerr metric. It follows from (j4]) that 

K. It follows from (HJ), Q22]) that irj 

X + = E - cu + L -> 0. (28) 



In the horizon limit N ->> 0, ^ -> K. It follows from (0J, that in this limit 



We obtain that 

ldX/e// ^-M^0 (29) 



2 dp 

in contradiction with ( 1231) that proves the statement. 

In what follows, we will consider a near-extremal black hole, with small but nonzero 
k. When k itself tends to zero, the aforementioned general prohibition does not work and 
circular orbits in the near- horizon region can exist. Now, we will examine different kinds of 
orbits separately. 



B. Innermost stable circular orbit (ISCO) 

This is the circular orbit closest to the horizon on the threshold of the stability. Corre- 
spondingly, we must add to equations ( )22|) and ( |23|) also 

d2V f^ = 0. (30) 
dp 2 
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Now, we will find explicit formulas for the metric and dynamic characteristics of a particle 
on the ISCO near the horizon of the nearly extremal rotating black hole. We can use the 
power-expansion in terms of x = p Q — p + near the horizon p = p + : 

N 2 = 2kx + Dx 2 + Cx 3 ..., (31) 

B 1 x + B 2 x 2 ..., (32) 
L = L + ax + .... (33) 

Let me remind that the coefficients entering expansion (13TT) are related to the fixed 
coordinate gauge in which the coefficient at dp 2 is equal to iV _1 . 

It is instructive to stress that an orbit for which calculations are being carried out lies 
outside the horizon. Moreover, although formally p p p+ — > when k — > the proper distance 
from the horizon does not vanish and even may be large (see Sec. IV below for details). 
Therefore, L is not the value of the angular momentum on the horizon (where a massive 
particle cannot be situated at all). Rather, it gives the value of the momentum on the 
near-horizon orbit under discussion in the main approximation while the terms of the order 
x and higher give corrections to it. In doing so, x is small but cannot vanish on the ISCO, 
out goal is just to find it (see eq. (|4*2l below and explicit comparison with the Kerr case in 
eq. (EU)). 

We have two small values: x and k. We are interested in the near-extremal limit. By 
definition, its very meaning consists in that in (f3"Tj) the first term is small as compared to 
the second one: 



k < Dx. (34) 
Correspondingly, in the region under discussion, 

y/D 2D*/ 2 x 2^D 



We substitute aforementioned expansions into (T221 . (T2"3"|) where ([MD, © are used. Then, 
in this limit, calculating dV ^ f and neglecting high-order corrections we have 

-l^J^iPo) ™A k + A 1 x + A 2 x 2 + = (36) 
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with coefficients which are given below. Eq. (!30|) with (|22|) . (|25|) taken into account gives us 

- l^r(Po) = B iL 2 ~bD-Fx + 0(x 2 , kx) = 0. (37) 

where 

F = ABiB 2 L 2 + 2L v / ^5 2 v A D + 2Db' + 3bC. (38) 

We must substitute into ( |36l) the relationships that follow from eqs. l j22l . ( 1371) . ( |38l) . After 
some algebraic manipulations, one finds: 

A = Ai = 0, (39) 
A 2 = b D^ + 6 C, (40) 

* = (41) 
6 = b(p ). Then, it follows from eq. (136]) that 

HJ'\H = (^) 1/3 - (42) 

To express Lo entirely in terms of the metric coefficients on the horizon, one should take 
into account the definition of b in eq. fl9]) and eq. ( ]3"7|) . As a result, we have 

FH 2 

L^L + =K3 , (43) 
2jD(Bl-^-) 

^ = 5F£^ = «F^)7^' (44) 

Eqs. (122]), (155|) and (K2j) give us 

X = y/b^N rs y/boVDHn*, (45) 

so on the ISCO 

X~iV~K§. (46) 

Thus the quantity A that according to (0), ({TO]) measures the deviation of particle's pa- 
rameters from the criticality has an universal dependence on the surface gravity irrespective 
of the concrete form of the metric. 



10 



C. Marginally bound orbit (MBO) 

Another type of circular orbit is a so-called marginally bound one (MBO). This means 
that a particle satisfying eqs. ( l22i) and ( |23i) has the zero velocity at infinity, so the energy 
per mass E — 1. We are interested in the prograde MBO only since for it p — > p + in the 
extremal limit. After some algebra, one finds from (@J, ( |22|) . (|23|) . (|3Tj) and ( 132|) that now 
for small k, 

x^m (47) 

where the coefficient a is equal to 

a ^ [ J=°- 1] ' (48) 

^w [ (i + ^ i= i 6+ ' (49) 

E=a + + .J b Jf^d >0 ' (50) 

^(Po) « k 2 ^- (51) 



L= __ KS!S = _L.(1_ A /1__) >0 , (52) 



1 B ' n /, B 

KS, S = — — 7r(l — \ 1 

1 _B| 

1Z~ TJiP 



h = l + 7^-T = -^s- (53) 



In this case, eq. ( )25|) gives us 



X«y/MT«— ; " , (54) 



so 



X ~ TV ~ «. (55) 

D. Photon orbits (PhO) 

Now, for massless particles (photons) one must put 7 = in (j4|). Then, we have for the 
reduced potential V = 

-V=(E-uj) 2 -— ,E = ^. (56) 



11 



For the photon circular orbit, V(p ) = V'(p ) = 0, whence at p = p we have 

N 2 

(E-u) 2 - — = 0, (57) 



2{E-u,)% L +(—) =0. (58) 



dp 

One can verify that for the Schwarzschild case one obtains form here the well-known result 
p = 3M. 

For a near-extremal black hole, in the near-horizon region, it is easy to check that in 
expansion (131]) the first and second terms have the same order, x = na where in the main 
approximation a does not contain n. Collecting in eqs. (1571) and (1581) all terms of the first 
order in k and solving corresponding equation with respect to a, one obtains that eqs. (JIB"j) . 
(}5"T|) are now satisfied with 

P = B\ {g H ) + . (59) 
Then, we obtain for E the general expression 

£ = u, + + «§(l-^5)>0. (60) 
*^^=^^ = ^£^^- (61) 



Now, the dependence (155!) still holds. 

IV. PROPER DISTANCE. 

All three kinds of orbits have p ~ p + . However, they are separated spatially since 
the proper distance between them does not vanish. This generalizes the corresponding 
properties of the Kerr metric 5j. Namely, between the horizon and the MBO or PhO, 
writing p — p + = ny, we have 



i=i%*r , = =^ VP+VD (62) 

' ^ Jo ^2y + Dy 2 t/P^D 



where eq. (j48p was taken into account. 
Between the horizon and the ISCO, 



/^h>-^ * Ini. (63) 
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V. NEAR-EXTREMAL KERR 

It is instructive to check these formulas for the Kerr case. Then, 
do 2 dv 2 

■j^ = r2 ^, A = r 2 - 2Mr + a 2 = (r - r+)(r - r_) (64) 

where r is the Boyer-Lindquist coordinate, r± = M ± VM 2 — a 2 , M is the black hole mass, 
a characterizes its angular momentum. Then, 

.,9 (r-r + )(r-r) 2 2 2Ma 2 

^ = r 2 + J + 2_M^ > m = r 2 + a 2 + — , (65) 



dp 



dr ./ r 2 + a 2 + 2Ma£ 



2Mr 



+ 



In the near-extremal case 



e < 1, 



the horizon radius 



the horizon angular velocity 



U+ 2M' 



(66) 



= 2Ma a 

U r 3 + a 2 r + 2Ma 2 ' U+ 2Mr + 1 J 



K= ^f^. (68, 



a = M(l-e), (69) 
r+ « M(l + v^e), (71) 



The relevant coefficients defined above are in the main approximation equal to 



C = 0, D = ± Bl = ft = JL, // = MV3, F = ^. (73) 

Now, we can obtain the radius r and other main characteristics of all circular orbits near 
the horizon. 
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1. IS CO 

From (|42|) it follows that, neglecting high-order corrections 

4 ., _ . 2 



feo = 5, 6' = 0, A 2 = Pf 3 = M 5 (74) 



r " ~ M ~ 9 2/3 p l/3 

M ~ 5 ' 



(75) 



M 1 

i«^-lni (76) 
6 e 

L pa -^= + ^=2 2 / 3 e 1 / 3 , (77) 

o2/3 

X « ^ £ V3. (78) 



Taking into account eqs. ([70]), (J7TJ, ()66]), (JS7J), (J72J one finds that 

P = 1 a = M 2 (v/2 -1),*= (79) 



r - M w 2Mv/£, (80) 

^,^2 + 2^, (81) 

£ = 1, — « 2M. (82) 
E 

The proper distance from the horizon 

I Pa Mln(l + V2). (83) 



5. P/iO 



Now. 



P = jjfj, a = -^(775 — 1) an d> taking into account eq. (ITTjl . we obtain 



r -M = 2Mjjp/£, (84) 
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In the limit under discussion, the proper distance between the PhO and MBO equals in 
this limit 

Z = Mln^=2. (86) 

Eqs. (J75D - (USD agree with eqs. (2.22), (2.23) of Ref . Q. Eq. flTS]) agrees with eqs. (4.6), 
(4.7) of Ref. [2J, eq. f!77|) reproduces the foirst two terms of eq. (4.7) of [2J. 

VI. O- VARIANT OF BSW EFFECT: COLLISIONS ON CIRCULAR ORBITS 

Now, we apply the results for the characteristics of circular orbits to the collisions and 
elucidate properties of the BSW effect for generic near-extremal black holes. As for any 
circular orbits Z = 0, in the near-horizon limit this entails that X — > according to fl8]) and 
( 122|) . The quantity h that enters the expression for the energy ([5]) simplifies: 

* = ^- < 87 > 

It is worth noting that the dependence of the energy on parameters of two particles has 
factorized. Now, from the results of previous sections, we have already all means to find the 
asymptotic behavior of h for small k. When h — > oo, for collision of two massive particles 
E c .m. ~ m\/~2h according to eq. (j3J). 

Further, we will consider different kinds of circular orbits separately. 

A. ISCO 

1. Both particles move on ISCO 

Then, it follows from fj46|) that the quantity h is finite and so is the energy E cm _. Thus 
the BSW effect is absent. This can be easily understood from the previous general results. 
Namely, a particle moving on ISCO is necessarily near-critical since X — >J3 for it. Meanwhile, 
collision between two critical particles cannot produce the BSW effect 



2. One particle is on ISCO, second particle is usual 



Let particle 1 be on ISCO and particle 2 be usual. Then, it follows from (T46j) that 
X\ ~ k 2 / 3 ~ N, so (jSJ) gives us 



15 



E c . m . « Um^/2X^K- 1/3 ~ «T 1/3 . (88) 
Here, the coefficient J7 can be found from (|35|) . (pf2l) . (|45|) : 

\ 1/12 

B. MBO 

1. Both particles on the MBO 

It is seen from (1551) that Xi ~ X ~ n 1 / 2 ~ iV. Therefore, c is finite and the BSW effect 
is absent. Explanation is similar to that for the ISCO. 

2. One particle is on the MBO, second particle is usual 
Now, we have from ([3311 . (153|) and that 

E c ,m. « Vmv^^ 1 / 2 ~ «T 1/2 , (90) 

V = - £)V*. (91) 

C. PhO 

We assume that the second particle is massive with the mass m, so we are dealing with 



the collision between massive and massless particles 13| . In the present situation, a photon 



is already critical. For collisions between such particles, the formula for the energy E cm _ 
preserves its general structure but now the expression for b changes for photon that affects 
also the expression for Z. Now, in eq. (|H]), b = ^~ (see Sec. VI of Ref. [8] for details). The 
situation does not differ qualitatively from that for MBO. 



I. Massive particle is critical. 



Using eq. (1551) . we see that the energy turns out to be finite in accordance with the 
general conclusion of |l3| that two critical particles are unable to produce the BSW effect. 
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2. Massive particle is usual 
Now, according to [13j, eq. © is somewhat changed: 

where h is given by the same expression (jSJ). Then, the dependence of the energy E cm _ on 
k in the limit under discussion is the same as in (190]) although with another coefficients: 



Wyf2mX 2 K- 1/2 ~ kT 1/2 , (93) 



W = v^L(l - ^) 1 / 4 . (94) 

One should bear in mind that for massive particles L has dimension of M, while for 
massless ones L does not contain M since it enters the combination v — uL, v is the photon 
frequency 

VII. H- VARIANT OF BSW EFFECT: COLLISIONS OF PARTICLES 
PLUNGING FROM CIRCULAR ORBITS 

In the previous section we dealt with the situation when a particle moving along circular 

near-hoizon orbit collided with some usual particle (O - variant of the BSW effect, according 

to our definition). Now, we consider somewhat another scenario: both particles collide on 

the horizon, one of them arrived there from a circular orbit (H- variant of the BSW effect, 

according to our definition). It means that it spent some time on that orbit and, due to 

instability of the orbit or being on the threshold of stability, moved towards the horizon 

with the same values of the energy and momentum which it had at the circular orbit. 

Mathematically, it corresponds to taking the horizon limit iV — > first in the formula (jSJ) 

for E c m . Then, one can derive the general expression which can be also take directly from 
n 

eq. (9) of |8|: 



E c .m. /n _x 

m V n 

Here, 

Yi = Ei- u + U (96) 
The quantities differ slightly from Xi defined in (J7J): 

y i = X i +(w-a; + )L i . (97) 
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For a usual particle 2, X 2 7^ 0, so we can safely neglect the second small term in the right 
hand side of fl971) . whence Y 2 ~ X 2 . For near-critical particle 1 with small X 1; the situation 
is much more subtle and one should be careful keeping both terms. As usual, we consider 
different kinds of circular orbits separately. 



A. ISCO 

It follows from (J25D, PS), fl3D that 



F x = VWV+ = (V6^D-Li)xo (98) 

where L is the value of the angular momentum on the ISCO. Meanwhile, it follows from 
(f43|) . (|44p that in the main approximation \/b\/D — L\ = 0. Thus both terms in Yy mutually 
cancel. The main nonvanishing correction comes from the second term in ( |35l) . Then, we 
have 

Yi « (99) 
By substitution into (195|) . we obtain that 



4m. « « m^/X^bDf^K- 1 ' 2 . (100) 



B. MBO 

Now, it follows from (B9 ]) - (|52|» and ([97]) that 

Fi = (101) 

— = A^v/x^- 172 (102) 
m 



The ration of i? c . m . to that for the MBO is equal to 
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C. PhO 

In a similar way, we obtain the expression f |102[) but now with another coefficient 

\>»=J^(l-f^)-" 2 - (105) 



VIII. COMPARISON WITH THE KERR METRIC 



In the particular case of the Kerr metric, using (1701) and concrete values of the coefficients 
in (173|) . (1791) . one can obtain from eq. ([5]) - (1891) that 



J c.m. 



me)- l/ \ (106) 



2m 

f3 = 2- 1 / 6 3- 1 / 4 v /2X;. This coincides with eq. (5.1) of fl. 
Eq. (UOOp gives us 

^ « ^2X 2 e-^ (107) 

that agrees with eq. (4.8) of [2|. Eq. f ll04j) gives /i = 3 _ 

i/4(2 - ^2)V2 that also agrees with 



the value listed in |2j after eq. (5.1). One should bear in mind that the term "subcritical" 

n 

of Ref. |2| corresponds to "usual" of our paper. 



IX. SUMMARY AND CONCLUSION 



Thus we obtained some results valid forgeneric dirty rotating black holes that generalize 
previous observations for the Kerr metric {5J, j^j, These results apply to the properties 
of the near-horizon region and the BSW effect that can occur there. They include (i) general 
statements about circular orbits in the near-horizon region and the BSW effect for generic 
nonextremal black holes, (ii) properties of the near-extremal black holes. In point (i), it is 
shown that (a) there are no circular orbits near the horizon of a nonextremal black hole with 
a finite nonzero surface gravity k, (b) in the near-horizon region, for a fixed small deviation 
of the angular momentum from the critical value, the magnitude of the BSW effect grows 
from the horizon to the turning point. 

If k 0, so a black hole is near-extremal, circular orbits do exist. In point (ii), for 
each type of a circular orbit, we showed that their parameters depend on k in an universal 
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way and investigated two variants of the BSW effect - when one of colliding particles is 
moving on such a circular orbit (O- variant) or plunges from it towards the horizon where 
collides with a usual particle (H- variant). The dependence of the collision energy E c _ m _ on 
k is found. It turned out that it has the general character of the scaling law E c _ m , ~ k~ u 
where n depends both on the type of the orbit and on the variant of the BSW effect. For 
the ISCO, n = \ for the O-variant and n = ^ for the H-variant. This difference was called 

I — I 

"quite intriguing" in |2| for the Kerr metric. Now, we see that it reveals itself for a generic 
dirty rotating near-extremal black hole. For the MBO and PhO, n = | in both variants. 
Thus the universality of black hole physics revealed itself not only in the very existence of 
the BSW effect for generic dirty black holes but also in its properties. 

These results extend the potential relevance of the BSW effect for astrophysics from the 
Kerr metric to dirty black hole since, say, the ISCO is an example of how a particle's energy 
and angular momentum can be fine-tuned naturally in accretion disks with electromagnetic 
radiation or in inspiralline binaries 12 1. 

n 

In the present paper, our generalization of [2[ concerned the properties of the BSW effect 
for particles moving in the equatorial plane. Meanwhile, the BSW effect takes place in the 
Kerr background not only on the equator but also on some finite belt around it [16]. It 
would be of interest to generalize the properties of the BSW effect to nonequatorial motion 
of particles near dirty rotating black holes. 
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